
VIII. Application of Homology

1. The Jordan-Brouwer Separation theorem.

�������� 1 er= a closed r-cell (i.e., a homeomorph of Dr) in Sn ⇒ H̃(Sn−er) = 0.�	�

���� use induction on r.
r = 0 : e0 �� ������ point ��������� Sn − e0 �� � contractible  "!$#&%('*)+-,/.0  "!21$! .
r > 0 : er ��� r-cell ��������� , φ : Ir → er ⊂ Sn 3540 homeomorphism ���768 9;:=< ���� 1$! .
z >? @ Sn − er AB C5DE AB AB reduced p-cycle ���GF�!IHJLK ! .

Ir−1

I
t

Ut

φ

z

ct

φ(t× Ir−1) = er−1
t

induction AB M !$N=OPRQTS AB  "!�#&% H̃(Sn − er−1
t ) = 0 ���"��U�� , ∂ct = z

M !(VW �� � ct ∈
Sp+1(S

n − er−1
t ) ���X68 9;:=< ���� 1$! . YZ\[/]0_^a` , |ct|= support of ct

�� � compact ���������
d(er−1

t , |ct|) = εt > 0 ���b1$! . c"!*F�!Gd=e , YZ\f*ghjik l�mn ��� φ(Ut × Ir−1) ∩ |ct| = φ
M !
VW �� �

t AB open neighborhood Ut

M !;68 9;:=< ���� 1$! .o�pq o�pq AB t ∈ I QTSsrut  "!�#&% Ut

M !v68 9;:=<  "!w��U�� {Ut}
�� � compact set I AB covering ���

VWUxy ��� QTSzrut�{ < Lebesgue number 1

m |? @~} m� K ! .
Ij = [ j

m
, j+1

m
] �� HJ����0 , Ij �� � #������0 Ut

QTS��� �  "!������ o�pq o�pq AB Ij QTS�rut  "!�#&% ∂cj = z
M !

VW �� � cj ∈ Sn − φ(Ij × Ir−1) ����68 9�:=< ���� 1$! . �������s1$!��� � claim ��������������� ��¡=¢P ���¤£¥ ¦§�¨© 1$! .
Claim Let J1 = [a, t], J2 = [t, b] for a, b ∈ I and eri = φ(Ji × Ir−1).
If ci ∈ Sp+1(S

n − eri ) is such that ∂ci = z for i = 1, 2, then there exists
c ∈ Sp+1(S

n − er1 ∪ e
r
2) such that ∂c = z.

proof of Claim

Xi = Sn − eri ����F�!IHJª���0 , X1 ∪X2 = Sn − er−1
t , X1 ∩X2 = Sn − er1 ∪ e

r
2 ���������1$!«�� � ik l�mn­¬® 9 MV-sequence >? @°¯�±² �� � 1$! .

· · · // H̃p+1(X1 ∪X2) // H̃p(X1 ∩X2)
i

// H̃p(X1)⊕ H̃p(X2) // · · ·

induction AB M !*N=OP³QTS AB  "!�#&% H̃p+1(X1∪X2) = 0 ���"��U�� i �� � injection ���b1$! . claim ABM !*N=OP ������������ {z} �� � H̃p(X1), H̃p(X2) QTS d=e­´� ���0 0 ��� xy , i �� � o�pq o�pq AB µ¶¸·¹ QTSzrut
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���� inclusion ��U��º������ induce »¼ ½ map ��������� H̃p(X1 ∩X2) QTS d=e {z} = 0 ����1$! .
¾w¿ÁÀ	 Â �������� 2 er ⊂ R

n ⇒ H̃(Rn − er) ∼= H̃(Sn−1).�	�

���� Exercise.

�������� 3 Let sr ⊂ Sn be a homeomorph of Sr. Then
(1) r ≤ n
(2) r = n⇒ sn = Sn

(3) r < n⇒ H̃p(S
n − sr) = {

Z(or R) , p = n− r − 1
0 , otherwise�	�

���� M !*N=OP³QTS AB  "!$#&% homeomorphism φ : Sr → sr ���Ã68 9�:=< ���� 1$! . Sr AB ( N�ÄÅ;ÆÇ >? @ÈÉËÊ"ÌÍ  "! �� � ) ÎÏ Ð;Ñ$ÒÓÕÔÖ >? @ Er

+, × pØ Ñ$ÒÓÕÔÖ >? @ Er
− F�!ÃHJ xy , er+ = φ(Er

+), e
r
− = φ(Er

−) F�!- "!K ! . X+ = Sn − er+, X− = Sn − er− F�!j "! ���0 , X+ ∪X− = Sn − sr−1, X+ ∩X− =
Sn − sr ����1$! .� ]0ÚÙ � Sn − sr = φ 3540~ÛÝÜP7ÞJ QTS �� � Sn = sr ���"��U�� n = r

C5DE |? @àß máãâJ C5Dä 1$! .
Sn − sr 6= φ F�! ���0 1$!��� � AB MV-sequence >? @å¯�±² �� � 1$! .

· · · // H̃p+1(X1)⊕ H̃p+1(X2) // H̃p+1(X1 ∪X2) // H̃p(X1 ∩X2) // · · ·

N=OPçæ � 1 QTS AB  "!�#&% H̃(X1) = H̃(X2) = 0 ��������� ,

H̃p+1(S
n − sr−1) ∼= H̃p(S

n − sr)

|? @å¯�±² �� � 1$! . ���jè DÅ |? @åéê�ë$m� N�ÄÅ ��U�� N�ÄÅ �ì �  "! ���0 ,
H̃p(S

n − sr) ∼= H̃p+r(S
n − s0)

C5DE |? @àß máãâJ C5Dä 1$! . YZ\[/]0_^a` s0 �� � 2 points ��������� Sn − s0 ' Sn−1 ��� xy , c"!*F�!Gd=e
H̃p(S

n − sr) = {
Z(or R) , p+ r = n− 1
0 , otherwise

����1$! . ���çí5î , ï ¨©ñðGòq r ≥ n ���GF�! ���0 p = n− r−1 < 0 QTSIrut  "!�#&% H̃p(S
n− sr) = Z

M !
VW ��U�� óÇ�ôõ � ���b1$! . c"!*F�!Gd=e (1)(2)(3) ��� óÇ HJ �� �ö¡=¢P VW ¯�±ä 1$! .

2



¾w¿ÁÀ	 Â �������� 4 sr ⊂ R
n ⇒ r < n and H̃p(R

n−sr) = {
H̃p(S

n − sr) , p 6= n− 1

H̃p(S
n − sr)⊕ Z , p = n− 1�	�

���� Exercise.�� Ð ,

(1) r 6= 0⇒ H̃p(R
n − sr) = {

Z , p = n− r − 1, n− 1
0 , otherwise

,

(2) r = 0⇒ H̃p(R
n − sr) = {

Z⊕ Z , p = n− 1
0 , otherwise

.

��� ��������� 1$!«�� � AB c"!ø÷� � N=OPçæ ��>? @å¯�±² �� � 1$! .
¾w¿ÁÀ	 Â �������� 5 sr ⊂ Sn disconnects iff r = n− 1
and sr ⊂ R

n disconnects iff r = n− 1.�	�

���� r = n− 1 ��� ���0 H̃0(S
n − sr) = H̃0(R

n − sr) = Z ������U�� K ! ¡=¢P  "!�1$! .
�������� 6 (Jordan-Brouwer Separation theorem)
For all sn−1 ⊂ Sn, Sn − sn−1 consists of 2 connected components both having
sn−1 as boundary.�	�

���� H̃0(S

n− sn−1) = Z ��������� Sn− sn−1 �� � 2 ù�ú AB path-component >? @ l�mû �� � 1$! .
���ü>? @ O1, O2 F�! xy HJ xy o�pq o�pq AB boundary

M ! sn−1
C5DE |? @ ´� ��� ���0 �� �ö¡=¢P ���Ã£¥ ¦ §�¨© 1$! .

O1, O2
�� � óÇ HJ open set ���"��U�� , x ∈ bdy(Oi) F�! ���0 x /∈ Oi

M !
VW #�� x ∈ sn−1 ���b1$! .¯�ýÅ ��U�� sn−1 ⊂ bdy(Oi) >? @ ´�ªþ � þ �ñÿ� { < d=e C5DE AB AB x ∈ sn−1 QTSzrut  "!$#&% x AB C5DE ABAB open neighborhood U
M ! U ∩Oi 6= ∅ >? @ ï ¨© �� Ð Ê"ÌÍ |? @ ´� ��� ���0 »¼ ½ 1$! .� ]0ÚÙ � y1 ∈ O1, y2 ∈ O2 >? @ N�ÄÅ '*)+�� � } m� �� � 1$! . homeomorphism φ QTS rutü{ < sn−1 =

φ(Sn−1) F�! HJ xy x ∈ A ⊂ U ∩ sn−1 >? @ ï ¨© �� Ð  "! ÆÇ ÷� Ð y = φ−1(x) ∈ Sn−1 AB
closed ball neighborhood B �

�
A = φ(B) >? @ } m� �� ���0 , en−1 := sn−1 − φ(

◦

B) �� �
closed (n− 1)-cell ���_»¼ ½ 1$! . c"!*F�!Gd=eÕN=OP«æ � 1 QTS AB  "!$#&% H̃0(S

n− en−1) = 0 ���"��U�� ,
Sn − en−1 �� � path connected ���b1$! .
y1, y2 >? @ C��	 �� � Sn − en−1 AB path >? @ σ F�!XHJLK ! . ∅ 6= σ(I) ∩ sn−1 = σ(I) ∩ A �� �
closed set ���"��U�� σ−1(σ(I)∩A) �� � closed set ��� xy , ��� AB complement W �� � open
interval 
� � AB countable union ���b1$! . ������� , I1 = [0, x1) ik I2(x2, 1] |? @ W AB 
�� �� �ik � !������ pq open interval ���GF�!IHJLK ! .

0 x1 x2 1

I1 I2
σ y1

y2O1

O2

A
σ(I1)

σ(I2)
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���u��� , σ(I1) ⊂ Sn−sn−1 ��� xy O1 ��� path component ��������� σ(I1) ⊂ O1 ��� xy ,
� !� ÒÓ M !���� �� σ(I2) ⊂ O2 ����1$! . YZ\[/]0_^a` σ(xi) ∈ A ⊂ U ��������� , U ∩Oi 6= ∅ ����1$! .

¾w¿ÁÀ	 Â �������� 7 For all sn−1 ⊂ R
n, n ≥ 2⇒ R

n−sn−1 has 2 connected components
both having sn−1 as boundary.�	�

���� Sn = R ∪ {∞} ��������� ÿ� AB N=OPçæ � ��º������ K ! ¡=¢P  "!21$! .
����í5î , ∞ >? @ ÈÉËÊ"ÌÍ  "! �� � component >? @ unbounded component, YZ����� ��� ß m� �� � com-
ponent >? @ bounded component F�! ����® 9 1$! .
Remark
If n = 2, the above corollary is the Jordan Curve Theorem.

Schoenflies Theorem
If n = 2, O1 and O2 are closed disks. In fact, any embedding h : S1(⊂ R

2)→
R

2 can be extended to a homeomorphism h̄ : R
2 → R

2.

If n = 3, this is not true as Alexander horned sphere shows.

YZ\f*gh : Alexander horned sphere 1

1It is homeomorphic with the ball D
3, and its boundary is therefore a sphere. It is

therefore an example of a wild embedding in R
3. The outer complement of the solid is not

simply connected, and its fundamental group is not finitely generated. Furthermore, the set
of nonlocally flat (”bad”) points of Alexander’s horned sphere is a Cantor set.
From http://mathworld.wolfram.com/AlexandersHornedSphere.html
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�������� 8 (Invariance of domain)
Let U ⊂ R

n(resp. Sn) be an open set. If f : U → R
n(resp. Sn) is one-to-one

continuous, then f(U) is open in R
n(resp. Sn) and hence f is an embedding.

(since f is an open map.)�	�

���� Sn QTSzrut�{ < d=eøï ¨© ´� ��� ���0���! #"$ 9  "!�1$! .C5DE AB AB y = f(x) ∈ f(U) QTS rut  "!$#&% x ∈ Bε ⊂ Bε ⊂ U 3540 open ball Bε >? @ } m�K ! . Sε = ∂Bε, s
n−1 = f(Sε) F�! HJ����0 , ß m% AB N=OPçæ � QTS AB  "!$#&% Sn − sn−1 ¬® 9 2 ù�úAB connected component O1

ik O2 >? @ l�mû �� � 1$! . ��� y >? @ ÈÉËÊ"ÌÍ  "! �� � component >? @
O1 ����F�!ñHJ xy f(Bε) = O1

C5DE |? @ ´� ��� ���0 �� �ö¡=¢P ���Ã£¥ ¦ §�¨© 1$! .
f(Bε) ⊂ O1 : f(Bε)

�� � connected ��������� K ! ¡=¢P  "!21$! .
f(Bε) = O1 : f(Bε)

�� � n-cell ���"��U�� Sn − f(Bε)
�� � connected ����1$! . YZ\[/]0_^a` ,

Sn − f(Bε) = Sn − f(Bε)− f(Sε) = (O1 − f(Bε)) tO2 = (O1 − f(Bε)) tO2

��� xy µ¶'& �0 QTS d=e connected { <)(�*  "!���U�� , O1 − f(Bε) = φ
M !�VW #�� f(Bε) = O1 ���»¼ ½ 1$! .
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