VI1II. Application of Homology
1. The Jordan-Brouwer Separation theorem.

A] 1 "= a closed r-cell (i.e., a homeomorph of D" ) in S™ = H(S"—¢") = 0.

29 use induction on r.

r=0:e"%= 3} pointo] B & S" — "= contractibledto] g s}t
r>0:¢e9°] rcello| B2, ¢: " — e C S"Q homeomorphismeo] &7 3t}
25 S — "2 Y429 reduced p-cycleo] 2} F2}.
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induction®] 7}A ol 2] s} f[(sn —e ) = 001B&, J¢, = 27} HE ¢ €
Spi1(S™ — ej7h)o] EA st} 28], |¢|= support of ¢;= compacto] 2&
d(e;™ |er]) = & > 00Tk wpebA], 2T} 2ol (U, x I' 1) N|ee| = 97} H =
t2] open neighborhood U, 7} &) gt}

Zyzre] t € I9] tjste] U7} A8t Z {U;}+= compact set 18] covering©]
%] 21 o]¢]] o3 Lebesgue number L& A}

[;=[£, 502 %9, [+ o8 Ul $3tnz 2749 Lol thate] o, = 27}
S ¢ € 5" — (I x ') o] EAFTE oA thE claim e 2 RE T
is)

Claim Let J; = [a,t], Jo = [t,] for a,b € I and e} = ¢(J; x I"71).
If ¢; € Spr1(S™ — ¢€]) is such that d¢; = z for ¢ = 1,2, then there exists
c € Spr1(S™ — €] Ueh) such that dc = 2.

proof of Claim
X;=8"—eolgt T8, X;UX,=5"—¢; ", X1 NXy=S"—ejUehol B2
o237 22 MV-sequence® A+t

= Hyt (X1 U Xo) = Hy(Xy N Xp) = Hy(X1) ® Hy(X) =+

induction?] 7}4 oj| 9/];3]-01 ﬁp+N1(X1UX2) = 0°] 2 & j+= injection®] T}. claim 2]
AR RRE (=)= [1,(X,), [1,(Xp)ol 4 B8 00T, i 7t7te] BHEo] o)
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3 inclusion © 2 2] induce® mapol 22 (X, N X,)dl A {z} = 00]T}
53 2 ¢ CR = f[(R” —e") ¥ ﬁ(an)_
%% Exercise. ]

e 3 Let s" C S™ be a homeomorph of S”. Then

(1)r<n
(2)r=n=s"=5"

Z(or R) ,p=n—r—1
(3)7’<n:>H( s") = {0 , otherwise

34 714 ol ¢ 8lo] homeomorphism ¢ : S” — s"o] &A|stt} 579 (A= E
EUH) SUTE P PUTE PR 2ol o)
x]’.X+:Sn—€1,X,—Sn 6712]'0]' UX_ —Sn—T1X+ X_=
Sn — s"o| T},

WA St —s" =9 AFole S"=s0lBE2 n=rdS & 5 AT

S — 5" £ ¢t TF2-2] MV-sequenced =T}
Hyye1(X1) © Hpi1(X2) == Hypr (X1 U Xp) == Hy(X1 0 Xp) —

A2 19 &J3te] H(X) = H(X,) = 00|22,

H,(S" = ") = Hpy o (S" — 5°)
92 & 4 9t 18 %= 2 pointso] B2 S — ¥ ~ Snlo] 31 whEkA

Z(or R) ,p+r=mn—1
, otherwise

ot} o] w, gk r > nolghd p=n—r—1< 0] thsto] Hy(S"—s") = Z7}
Hug 2ol mEbA (1)(2)(3)0] 7 SR AT 0
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1 T#O:ﬁp(R”—s”):{? p=n—r—1n-1

—~

, otherwise ’
Z@Z,p:n—l
2)r=0= i p(R" = s7) ={ 0 , otherwise

o|ZFE tad WmEAEE et
wtS A8 5 s" C S™ disconnects iff r =n — 1

and s" C R™ disconnects iff r =n — 1.
%tg r=n— 101 Eﬂ ﬁo(Sn — ST) = ﬁo(Rn — ST) = ZO]EE X]—Ué'é"]-ﬂ- O

A 2] 6 (Jordan-Brouwer Separation theorem)
For all s"~1 C 8™, S™ — 57! consists of 2 connected components both having

"1 as boundary.

21 Hy(S"—s" 1) = Zo]|B& 5" — s 1= 270 9] path-componentE ZH:=
0] s 0,,0,8}11 ‘:_1_ 7} 9] boundary7]- stT1ol g Holy Z1o) %‘;_]—E]—
O1,05= B open setO]Ui r € bdy(0;) B asgé 0,7} E o] z € s" o]t}
Ao "1 Chdy(0;)F B717] 1A 4 2 € 5" lol]l oo 28] 9]
9] open neighborhood U7} U NO; # )& W53 ol Hr}

ARy € O1, y2 € 0,5 AF3] =t homeomorphism ¢ofl T3l "' =
pS" N Falrx e ACUNs"1E UEJIEE ¢y = ¢ l(x) € S92
closed ball neighborhood B2} A = ¢(B)E o™, el := s"1 — ¢(B)=
closed (n — 1)-cello] At} whebA gl 19 &5t ﬁIO(S” —e"H =002,
Sn—enTl= path connected ] t}.

Y1, 425 AE 5" — "' pathg o2t FAL 0 # o(I)Ns"! = o(I) N AE
closed set O]EE o~ o(I)N A)*= closed set©] 1L, ©] 2] complement W= open
interval £¢] countable union©]t}. o)A, I, = [O,xl).»]- I(xo, 1] & W A
3} w}A] 9 open interval o] 2F FX}.

o(lh)
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o|Al, o(I;) C S™—s""1o]al O, 9] path componento] 2 & o(I;) C O;°] L, u}
FANAR o(l) C Ot} 28| o(x;) € ACUOIEZE, UNO; # 01tk g

wEAa] 7 Foralls" ' C R, n>2=R"—s""! has 2 connected components
both having s"~' as boundary.

59 5" RU{c}olmz 99 el2 e e
o] W], coE Z T3+ componentE unbounded component, 718 A] ¢+ com-
ponentE bounded component2} F&

Remark
If n = 2, the above corollary is the Jordan Curve Theorem.

Schoenflies Theorem
If n =2, O; and O, are closed disks. In fact, any embedding h : S'(C R?) —
R? can be extended to a homeomorphism h : R? — R2.

If n = 3, this is not true as Alexander horned sphere shows.

19 : Alexander horned sphere !

Tt is homeomorphic with the ball D3, and its boundary is therefore a sphere. It is
therefore an example of a wild embedding in R3. The outer complement of the solid is not
simply connected, and its fundamental group is not finitely generated. Furthermore, the set
of nonlocally flat ("bad”) points of Alexander’s horned sphere is a Cantor set.

From http://mathworld.wolfram.com/AlexandersHornedSphere.html
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A 2] 8 (Invariance of domain)

Let U C R™(resp. S™) be an open set. If f : U — R"(resp. S™) is one-to-one
continuous, then f(U) is open in R (resp. S™) and hence f is an embedding.
(since f is an open map.)

> Stol| tiafj A vk Kol FEstth

A9 y = f(x) € f(U)o] th3}t] 2 € B, € B. C U2 open ball B.& %
A S = 0B, 571 = f(S)2 S, ko] Ao 5] 57— sl 2
9] connected component O3 O, & &—EE} o] y& E3}3}E= componentE
O;°0l2t 7L f(B.) = 0:¥< HolH S0l Zdrh

f(B.) C Oy : f(B.)= connectedo] 22 Z]— S}t

f(B) =01 : f(B)¥E n-cello) 2 & S — f(B,)¥= connectedo]t}. L&,

S" = [(Be) = S" = f(Be) = f(Se) = (01 = f(B:)) U0z = (01 — f(Be)) U O,

o3 FWollA connecteddl| oF S22, Oy — f(B.) = ¢7} o f(B.) = 0;°]
o). -



